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In thir note, we should like to present alternative proofs of recent results in 
J. Funct Anal. 50 (1983), 67-80, by S. Zelditch, on the basis of the theory 
developed in [lo]. Theses new proofs extend Zelditch’s results to a more 
general c:lass of differential operators (for examples, see Remark 1.3). 
1. HIGH-TEMPERATURE LIMIT 
Let J = aW(x, D,) (Weyl quantization of a), where a E ST,,, m is a 
temperse weight, and 4, a, are weight functions such that the associate 
metric s atislies the assumptions of 15 1 and the coercivity condition: 
(C, ) There exists C,, 6 > 0 such that 
4(XvP) * rp(XvP) 2 Cdl + 14 + IPI)” for (x,p) E iR2” 
(e.g., p = 1, (= (1 + 1x1 + (pi)“; v, = (1 + IxV1, (= (1 + IpI)% P = 4 = 
(1 + I4 + MY>. 
In the following we suppose that 
(H ) a is real-valued and Min(x,piEIR2n a(x, p) > 0, 
(H J a is a temperate weight and a E S&, 
(H ,) there exist C,, C,, m, , m2 > 0 such that 
C,(# m rp)“l <a Q C,(d - cp)“‘. 
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In quantum-statistical mechanics the Gibbs canonical states (see 191) are 
the positive operators of trace one, 
p(J) = @*a - [tr(e-8*A)]-1, where /I= (k . T)-‘, 
k is the Boltzmann’s constant, and T is the absolute temperature of the 
quantum-gas under consideration. 
A folk theorem in physics asserts that in high-temperature limit quantum- 
statistical mechanics can be approximated by classical-statistical mechanics 
[9, p. 1141. There are many papers on this subjet (e.g., [2,3]). 
Under the above assumptions we have 
PROPOSITION 1.1. There exist K > 0, q, E IO, 1 ] such that 
-1 
lim 
4-0, 
e-ba(X.P) dx dp . tr(e-4’A) = 1. 
I 
COROLLARY 1.2. Let B = bW(x, D,) with bE S:,,, b real-valued. 
Denote 
(B)@ = (tr(e-4’“))-’ . tr(B . e-OeA), 
@)dB) = (j e -b(X,P) & dp b(x, p) e-40(X*p) dx dp. 
Then 
It is easy to prove Corollary 1.2 from Proposition 1.1. 
Remark 1.3. Corollary 1.2 gives Proposition 3.6 of 1141 under weaker 
assumptions. For example, it works for operators like 
A=-Ad,,,+x2+y4 inR* or A = V(l + Ix]‘) V + [xl4 in R”, 
or 
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Proof of Proposition 1.1. As in [ 141 we work with the resolvant (see also 
[4] for r related result). We have 
ewB”(A -A)-’ dA for /3 > 0, 
where r is made up of the two lines 0(-x/4, l), D(7r/4, 1) and a bounded 
curve su :h that the spectrum of A is enclosed by r as usual. So in (1) we use 
a parametrix, to approximate (A -A)-‘, and estimates established in [ 10, 
Sect. 41. 
2. AVERAGING THEOREM AND SZEG~ THEOREM 
In [ 1L ] theses theorems are deduced from the high-temperature limit with 
the tauberian theorem of Karamata. Here to avoid a homogeneity 
assumptl on on a (e.g., V(x) behaves like Ixlk, [xl+ +co for the Schrodinger 
operator) we deduced theses theorems from the behaviour of the resolvant 
and front a tauberian theorem about the Stieljes-transform 181. 
With .he results of [ 10, Sect. 41 we can prove easily 
PROPOSITION 2.1. Let k, E N such that jj aeko(x,p) dx dp < +oo. Then 
fir euerv k> k,, (Ak + I)-’ is trace-class and for every b E S:,, real- 
valued, lve have 
tr[B. (Ak +I)-‘] =/(b(x,p)(ak(x,p)+I)-‘dxdp 
~j$z”(x,p)+W’dxdp 
where B = bW(x, 0) and E, = Min{ 1, l/k. m,}. 
To allply the tauberian theorem of [8] we introduce the following 
assumption: 
(T) Let fJl@) = IJa(x,p)<A dxdp. We suppose that u, is C’ on 
]A,,, +col (12, big enough) and that there exist rl, s, > 0 such that 
rl . a,(A) Q %(A> < s1 - u,(A) for A>&. 
Remar,k 2.2. Assumption (T) is satisfied if we have the following: 
(T) There exist L ,,, y1 , yz > 0 and 2n functions Fj E C’(a > A,,), 
j = 1, 2,..., 2n, such that VFj = O(l), j = 1, 2 ,..., 2n, and y, . a < F . Va < 
y2 * a in (a > A,,). Assumption (T) implies (T) is a consequence of Stokes’ 
formula. 
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Now consider the spectral resolution (E”,),,R of A (here E, is the 
projector on the space spanned by the eigenfunctions with eigenvalues less 
than A). We have the following averaging theorem: 
THEOREM 2.3. Under assumption (T), for every f E C(lR) and every 
b E % real-valued, the following estimate holds: 
W:: -f(B) . EA,) = Il,,,fW dx dp + 0 (II,,, dx dp) 
ProoJ The method is the same as in 1141. The only difference is the use 
of the Keldys tauberian theorem instead of the Karamata tauberian theorem. 
THEOREM 2.4 (Generalized Szego theorem). Under the assumptions of 
Theorem 3.4 we have 
trlf 6% - B . Ei)l =ii,,,f @I dxdp + o (jja,, dx d’) 
for A -+ +CO. 
Proof: We proceed along the same lines as in [ 14, Theorem 4.11, so we 
do not go into details (see also [7, 131). In particular, by Theorem 5.4 of 
[lOI we can replace A by AS, s > 0, small enough, such that [B, AS] is 
bounded. 
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